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Abstract: A free boundary problem for the one-dimensional compressible 
Navier-Stokes equations is investigated. The asymptotic stability of the vis- 
cous shock wave is established under some smallness conditions. The proof is 
given by an elementary energy estimate. 

1 Introduction 

We consider the system of viscous and heat conductive fluid in the Eulcrian 
coordinate 

pt + {pu)i = 0, 
{pu)t + {pu^ +p)x^ pu. 



1 (1.1) 



pu(e+ y) +pu 



where u{x,t) is the velocity, p{x,t) > is the density, 9{x,t) is the absolute 
temperature, p — p{p, 9) is the pressure, e — e{p, 6) is the internal energy, /i > 
is the viscosity constant, k > is the coefficient of heat conduction. Here we 
consider the perfect gas case, that is 

R9 

p — R9p, e — \- const., (1-2) 

7- 1 

where 7 > 1 is the adiabatic constant and R > the gas constant. 

There has been a large literature on the asymptotic behaviors of the solu- 
tions to the system (1.1). However, most results are concerned with the initial 
value problem. We refer to [7]-[10], [12]-[13] and references therein. Recently the 
initial boundary value problem (IB VP) attracts an increasing interest because 
it has more physically meanings and of course produces new mathematical diffi- 
culty due to the boundary effect. We refer to [4], [11], [14], [15] for 2x2 case and 



1 



[5], [6], [17] for 3x3 case. However, there is few result on the asymptotic sta- 
bility of the viscous shock wave to IBVP of the full compressible Navier-stokes 
equation (1.1) due to various difficulties. Therefore, the asymptotic stability of 
the viscous shock wave to IBVP for (1.1) is our main purpose of the present 
paper. We shall consider a free boundary problem of the full compressible 
Navier-Stokes equations whose boundary conditions read 

(P-MW£)|-^~(^)=P0, 

^^=u{x{t),t), S(0) = 0, i>0, 
and initial data 

(P'"'^)L=o= {po,uo,6(i){x) {p+,u+,e+) as X ^ +00, (1.4) 

where pq > 0, > 0,p+ > 0,0+ > 0,m+ are prescribed constants. Here the 
boundary condition (1.3) means the gas is attached at the boundary x = x{t) 
to the atmosphere with pressure po{see [15]). We of course assume the initial 
data satisfy the boundary condition as compatibility condition. 

Since the boundary condition (1.3) means the particles always stay on the 
free boundary x = x{t), if we use the Lagrangian coordinates, then the free 
boundary becomes a fixed boundary. Thus we transform the Eulerian coordi- 
nates {x,t) by 

x= p{y,t)dy, t = t, 

Jx(t) 

and then change the free boundary value problem (1.1)-(1.4) into 

vt — Ux = 0, , x > 0,t > 0, 

u 

Ut+Px = IJ'{ — )x, x>0,t>0, 
V 

ub uu 

{e+—)^ + {pu)^ = {K— + ^^—):o, x>0,t>0, (1.5) 

{p- l^^)\x=0=PO, 0\x=O = d-, 

{v,u,9){x,0) = {vq,uo,9o){x) {v+,u+,0+) as x ^ +00, 

where v = ^ is the specific volume. Since the domain we consider here in the 
Lagrange coordinates is {x > 0,t > 0}, we only need to consider the stability 
of the 3- viscous shock wave. 

Before formulating our main result, we briefly recall some results of the 
shock wave for the inviscid system of (1.1). That is, we consider the system 
(1.5) without viscosity 



(1.6) 
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with the Riemann initial data 

{vq,uo,0o){x) 



(?;_,7i_,6'_), a; > 0, 
{v+,u+,e+), X <0. 



(1.7) 



It is well known (for example, see [16]) that the Riemann problem (1.6)- 
(1.7) admits a 3-shock wave if and only if the two states {v±, u±,9±) satisfy the 
so-called Rankine-Hugoniot condition 



-s{v+ — V-) — (u+ — U-) = 0, 
-s{u+ - U-) + (p+ - P-) = 0, 

(e+ + ^) - (e- + ^) 



+ {p+u+-P-U-) = 0, 



(1.8) 



and the Lax's entropy condition 



< At < s < A 



3 ' 



(1.9) 



where p± = p{v±,6±),e± = e{v±,6±) and A3 = ^^^^ is the third eigenvalue 
of the inviscid system (1.6). And the shock speed s is uniquely determined 
by {v±,u±,9±) with (1.8). If the right state {v+,u+,0+) is given, it is easy to 
know that there exists a 3-shock curve S3{v+,u+, 6+) starting from («+, u+,6+). 
For any point {v,u,0) G 6*3(1'+, m+, 0+), there exists a unique 3-shock wave 
connecting {v, u, 9) with {v+, u+,9jf.). Our assumptions on the boundary values 
are 



(Al). Let {v+, u+, 9+) and 9- be given, there exist unique V-, U- such that 
(w_,u_,6»_) e S3{v+,u+,e+). 

(A2). po = ^:=P-. 

Remarkl. The assumption (Al) is natural. 

Remark2. The condition (A2) means that we only consider the stability of 
a single viscous shock wave. 

It is known that the system (1.5) admits smooth travelling wave solution 
with shock profile {y,U,Q){x — st) under the conditions (1.8) and (1.9) (see 
[1]). Such travelling wave has been shown nonlinear stable for the initial value 
problem, see [7] and [9]. A natural question is whether the travelling wave is 
stable or not for the initial boundary value problem. In this paper, we give a 
positive answer for the free boundary problem (1.1)-(1.4) or (1.5). Our main 
result is, roughly speaking, as follows. The precise statement is given in theorem 
2.1 below. 



Let (i;+,u+,0+) and 9- be given and the assumptions (Al) and (A2) hold, 
then the 3- viscous shock wave connecting (v_ ,U-,9-) with («+ , u+ , ^+ ) is asymp- 
totically stable. 
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The plan of this paper is as foUows. After stating the notations, in section 2, 
we give some properties of the viscous shock wave and the main Theorem 2.1. In 
Section 3, wc reformulate the original problem to a new initial boundary value 
problem. The proof of the Theorem 2.1 is given in section 4 by the elementary 
energy method. In section 5, we prove the local existence of the solution by the 
iteration method. 



Notation: Throughout this paper, several positive generic constants which are 

independent of T, (3 and a arc denoted by C without confusions. For function 
spaces, ff'(R+) denotes the l-ih order Sobolev space with its norm 

I 

WfWi = (E ll^^/in^ when II . II := || • (1.10) 



2 Preliminaries and Main Result 

We first recall some properties of the 3-viscous shock wave. The shock profile 
(y, i7, 0)(^), ^ = X — st, is determined by 



-sV' - [/' = 0, 



-s\E 



El 

2 



(PU)' 



V 



UU' 



(2.1) 



t {V,U,Q){±<x^) = {v±,u±,e±), 



where P = RQ/V, E = RQ/{'-f—l)+ const . , {v±,u±,9±) satisfy R-H condition 
(1.8) and entropy condition (1.9) and s is determined by (1.8). Integrating (2.1) 
on (— oo,^) gives 



V 
kO^ _ 

U=-{sV'+a) 



P + s^iV 



bl 



sHv-^r bl 

E ^ + 2?-^' 



(2.2) 



where p± = R6±/v±, e± = R9±/{'j — 1) + const., a = —{sv± + u±), bi = 
Pj. +s^v± and 62 = e± +p±v±+ s'^Vj./2. From [1] and [9], we have the following 
proposition: 



Proposition 2.1. Assum,e that the two states {v±, u±, 6±) satisfy the conditions 
(1-8) and (1.9), then there exists a unique shock profile (V, U, &){£,), up to a shift, 
of system (2.1). Moreover, there are positive constants a and C2 independent 



4 



o/ 7 > 1 such that for ^ S M, 



sV^ = -U^ > 0, se^ < 0, (\V - v±\, \U - u±\) < cide-'^''^^^^ 

\e-0±\< ci(7 - l)de-=^'^l«l, I0«d) < cirf^e-^^'^lfl, 

IOjI <ci(7-l)d'e-^^''l«l, ||i|<ci(7-l), (2.3) 

2 jR0.{l-d^) d2 , (7 - l)d 

s = ,ai= ,d2 = — , 

v+V- 1 + d2 2v+ 

where d = v+ — V-. 

As pointed out by Liu [7], a generic perturbation of viscous shock wave 
produces not only a shift a but also diffusion waves, which decay to zero with a 
rate (1 +t)~ 2 , for the Cauchy problem. That is the solution of the compressible 
Navier-Stokes equations asymptotically tends to the translated travelling wave 
(y, U, Q){x — st-\- a). The shift a is explicitly determined by the initial value. 
Similar to the Cauchy problem, the shift a is also expected for IBVP. For a 
kind of initial boundary value problem, in which the velocity is zero on the 
boundary, Matsumura and Mei [11] developed a new way to determine the shift 
a. A byproduct of [11] showed that, unlike the Cauchy problem, there is no 
diffusion wave for IBVP due to the boundary effect. This new idea has been used 
by many authors to treat the initial boundary value problem of the system (1.5) 
or other related systems (see [4], [14], [15]). In the spirit of [11], we calculate 
the shift a for the IBVP (1.5). 

We consider the situation where the initial data {vo,uq,9o) are given in a 
neighborhood of {y,U,Q){x — /3) for some large constant /3 > 0. That is, we 
require the viscous shock wave is far from the boundary initially. Here we can 
not directly apply the idea of [11] to compute the shift a since the velocity ^(0, t) 
on the boundary is not given,while in [11], the velocity is zero on the boundary 
and the conservation of the mass (1.5)i is then used to determine the shift a. 
instead of (1.5)i, we use the conservation of momentum (1.5)2 to determine the 
shift a because p — fj,^ is given on the boundary for the IBVP (1.5). Prom 
(1.5)2 and (2.1)2, we have 

{u-U)t = -\p{v,0)-P{V,@)],+n(^)^-n(^^^ , (2.4) 

where {V, U) = {V, U){x — st + a — (3). Integrating (2.4) over [0,oo) with respect 
to X and using (2.1) and (A2) yield 



+00 

[u{x, t) — U{x — st + a — f3)]dx 







d_ 
di 

U' (2.5) 

= p_- P{V,Q){-st + a- P)+iiy{-st + a- P) ^ ' 

= -s{U{-st + a- P)- U-). 
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Integrating (2.5) with respect to t, we have 

f>-\--oo 



(2.6) 



(2.7) 



[u{x, t) — U{x — st + a — P)]dx 

r+oo j-t 

= [uo-U{x + a- p)]dx- s{U{-ST + a- /3)-u-)dT. 
Jo Jo 

We define 

/■+00 

I{a) := / [uo - U{x + a- f3)]dx 
Jo , 

- I s {U{-st + a- f3)-u-) dt. 
Jo 

It follows that 

/'(a) = -/ U\x + a-P)dx-s U'{-st + a - P)]dT ^^^-^ 
= U- — u+. 

Expectation limt^oo /o^°°[w(a^) t) — U{x — st + a — I3)\dx = /(a) = gives 

1 



M+ — U- 



-m, 



(2.9) 



and 



/-l-oo 
[u{x, t) - U{x -st + a- P)]dx 
- .+00 (2.10) 
= s J [U{-ST + a - /3) - U-]dT < cie-'=='^l-''*+«-'^l as t +oo. 

Therefore the shifta is uniquely determined by the initial value. 
To state our main theorem, we suppose that for some (3 > 



{vo{x) - V{x - 13), uo{x) - U{x - 13), eo{x) - e{x - 13)) e n L\ (2.11) 



Let 



($o,*o)(a;) 



+00 



+00 r 



Wo{x) = 
Assume that 
Our main result is 



My) - V{y - p), uo{y) - U{y - /?)] dy, 

^2 1 (2.12) 



ieo + f){y)-{E+—){y-P) 



($o,*o,Wo) ei^. 



dy. 



(2.13) 



6 



Theorem 2.1. Suppose that the assumptions (Al) and (A2) hold. Let (V, J7, 
he the travelling wave solution satisfying (2.1). Assume that 1 < 7 < 2 and 
(2.11-2.13) hold, then there exists positive constants 5q and eq such that if 

h-l)d<do, (2.14) 

and _ 

11(^0, *o, -^^)h + e-'--^"^ < £0, (2.15) 

then the system (1.5) has a unique global solution (u,u,9){x,t) satisfying 

v{x, t) ~V{x - st + a- (3) e C([0, oo),H^)n L^{0, 00; H^), 

u{x, t) -U{x- st + a- f3) € C([0, 00), H^) n ^^(o, 00; H^), (2.16) 

e{x, t) -Q{x- st + a- P) e C([0, 00), H^) n ^^(0, 00; H'^), 

and 

sup I {v, u, e){x, t) - {V, U,<d){x-st + a- I3) \ — > 0, as i ^ +00, (2.17) 
where a = a{(3) is determined by (2.9). 



3 Reformulation of the Original Problem 



Let 

(v,u,e)(x,t) = {V,U,e)ix - st + a - p) + {(l),^l;,w){x,t), 
then wc rewrite the system (1.5) as 



(t^t - iJJx = 0, 

-^w + ^ + Uij] +R 
7 — 1 2 



4>x 



& + W , .& + W Q.^' 
-ib + ( )U 



Via I J, -i/)'-^ '-^x 



v + 4> 

wU=o = 0- - S{-st + a- /3) 



V + 4> V' 

R6- + V'c 



^ {(t),il;,w)\t=o = {(t),tp,w){x,0) := {(j)o,ipo,wo){x). 
We define 

f+00 



j-\-oo 

{^,^){x,t) = - {(f>,i;){y,t)dy, 

+00 2 

w{x,t) = -j^ "(" + y) M-{e- 



+ ^]{y-st + a- P)dy. 



(3.1) 



(3.2) 



(3.3) 
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Then we have 

Integrating (3.2) with respect to x yields 
f $i - = 0, 

^ 1 e. 



Introduce a new variable 



ri 



then we write t/; in the form 

and transform the system (3.5) into 

r = 0, 



7-1"^ R 

where Fi and F2 are nonlinear terms with respect to ($, ^, W^), that 

^1 = VV'^ - {(^1 - .V)0- i?^ + mVx}, 

= - ''^]^y^V V'x + {(&! - s^y).^ - J?«; + mVx} 



By (3.3)-(3.4), the initial values satisfy 



r+oo 

^{x, 0) = - / [vo{y) -V{y + a- p)]dy 

Jx , 

= $o(x) + / [V{y + a-/3)-V{y- f3)]dy 

= ^o{x) + I [v+-V{x + <;- /?)]d^ =: %{x). 
Jo 



/■-I-OO 

*(a;,0) =-/ [uo{y)-U{y + a-(})]dy 

J X 

= *o(a;)+ / [u+-U{x + <,- (3)]dc,=:^Q{x). 



W{x,Q)= - 

J X 



z-[ + y )(y) - (r^ + y-)(y + 



L 7- 



(3.11) 
(3.12) 



1, 



Wo{x) + / -[0+ -@{x + <;- 13)] + -[< - U'{x + <; - /3)]dc 

•'0 7 ~ J- ^ 



=: Wo (a;). 



VF(x,0) 



7-1 
R 



[Wo{x) -Uix + a- f3)-^o{x)] =: Wo{x). 



(3.13) 



Furthermore, by the same way as in [11], we have 

Lemma 3.1. Under the assumptions {2.11)and (2.13), ($0)^'0) W^o) G o,nd 
the shift _ _ _ 

a^O as ||($o,*o,Wo)||2 ^ +0O. (3.14) 

Lemma 3.2. Under the assumptions (2.11) and (2.13), the initial perturba- 
tions ($0, 'S'oi W^o) S H'^and satisfies 



($0, *o, Wo)|| ^ as ||($o, *o, Wo)|| ^ and /? ^ +00. 



(3.15) 



By (3.3) (3.5) and (2.5), the boundary values satisfy 

r+00 

*(0,i) = - / i>{y,t)dy 
Jo 



/+00 
[Ui-ST + a-P)-U-] dr := A{t), 



(3.16) 



W,iO, t) - (0, t) = uj{Q, t) - U,{-st + a- l3)A{t) := B{t). (3.17) 

For any T > 0, we define the solution space of the problem (3.5), with the 
initial values (3.10), (3.11), (3.13) and the boundary values (3.16), (3.17) by 



^m,M(0,T) = < 



($, ^, W) : ($, W) e C(0, T; H^); 

sup ||($,*,l^)(t)||2 <M; inf(y + $^)>m 
L *e[o,T] 



> (3.18) 



where T, M, m are the positive constants. 
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4 Proof of Theorem 2.1 



In this section, we give the proof of the Theorem 2.1. Without loss of generahty, 
we may restrict (3 > 1 and \a\ < 1. First we state the local existence result for 
the IBVP (3.8), (3.10)-(3.13) and (3.16)-(3.17), whose proof is given in section 
5. 

Proposition 4.1. (Local Existence) There exists a positive constant b such that 
||($o,*o, Wo)||2 < M, and ifm{x,t{V + ^qx) > m > 0,then there exists a 

positive constant Tq = To(m, M) such that the system (3.8), with the initial val- 
ues (3.10), (3.11), (3.13) and the boundary values (3.16), (3.17), has a unique 
solution ($,*,t?) e Xi„ (,m(0,7o). 

Denote that 

N{T)= sup (||$(r)||2 + !|*(r)||2 + |r(r)||2), 
Te[o,T] 

iV0 = ||*0||2 + ||*0||2 + ||W^0||2. 

Proposition 4.2. (A Priori Estimates) Let {^,^,W) e Xi^^^(0,T) be a so- 
lution of the problem (3.5) and 1 < 7 < 2. Then there exist positive constants 
di,si and C, which are independent of T, such that if (7 — l)d < Si and 
No+e + f3~^ < £1, then the following estimate holds for t G [0, T] 

||($,*, —^)it)f + ||(<^,^, -^^)it)\\l + f \mw)\\i + midr 

(7-1)2 (^_lj2 Jq 

<C{No + e-'"^f^). 

(4.1) 

With the local existence Proposition 4.1 in hand, for the proof of the Theo- 
rem 2.1 by the standard continuum process, it is sufficient to prove the a priori 
estimate Proposition 4.2. In order to prove the Proposition 4.2, we first give 
some Lemmas. The following Lemma is about the boundary estimates. 

Lemma 4.3. For <t <T, the following inequalities hold: 

[\ml=odr, fm.)l^,dr, [\w^)l^^dr, [\^^w)l^,dr < Ce-'"^^ , 
Jo Jo Jo Jo 

[\wxW)l^^dT < Ce-^^f" + CN{T) A||*,f + \\^x.t)dr, 
Jo Jo 

[ (<^V)L=o'^^' / (V'V'.)L=o'^r, / (^.^.)|^^orfT<C(e-^''^+||<Ao||i), 

W^x)\x=od^, / {WxWr)\^^odT < - l)d \\wxxf{T)dr + Ce-'='^^. 



10 



10 



Proof. Since s > 0, and l3 ^ 1, \a\ < 1, we have from (2.3) and (3.16) that 
|*(0,i)| = \A{t)\ < Ce-'"^l^e-'"^\ 

Thus, 

Jo ^ 

Similarly we can estimate the term / {^'^x)\^_QdT, / {W^)\^_QdT. 

Jo ^~ Jo ^~ 



Also, 



[ {'tpw)\^^^dT < N{T) [ \e- -e{-sT + a- P)\dT <Ce-'='^^. 
Jo ^ Jo 

From (3.8), 

so we have from (2.3) that 

l\w,W)l^^dT < Ce-^^P + CN{T) /^ll^.f + ||*..f )dr. 
Jo Jo 

By using the free boundary condition in (1.5), one has 

R9_ v{Q, t)t Re_ 



v{0,t) ^'v{0,t) V- ' 
and then 

PQ , 

v{0,t)-v_ = {voiO) - v_)e^~* 

= (y(a-/3)-^_+<^o(0))e-7?* (4.2) 
<C7(e--'''3 + ||</.o||i)e-l^* 

By using (2.3) and (4.2), we obtain 

\(j){0,t)\ =\v{0,t)-V{-st + a- (3)\ 

< \v{0,t) - V-\ + \V{-st + a- p) - V-\ 

< C{e-'"^0 + \\(l)o\\{)e-'f' + Ce-^'^^e-'"^\ 



< C{e-^'^P + ||0o||i)e-^* + Ce-'"^l^e-'"^K 



Then we get at once 



!\H)l^^dT, A^Vx)L=o^T <CAr(T)(e-^'''5 + ||.^o||i) 
Jo Jo 

<C{e-'^''^+\\Mr), 
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and 



/•t 



= ^,(0,r)7A(0,T)|„- J (V',,V)L^o'^T 
Finally, 

Jo Jo 

<(7-l)rf/ \\w,,f{T)dT + C{'y-l)de-'''^l^ [ ||«;,||i(r)e-t=''^dr 

< (7 - l)d f \\w,,\\\T)dT + C(7 - l)de-^'^^[iV(T)]§ /* 

>/o Jo 

< (7 - l)d [ \\w,,f{T)dT + Ce-'^'^^, 

Jo 



t 



and 



-'^'\\wJ\--\\w,.PdT 



[\w.Wr)l^^dT < C(7 - l)d^e-'''^ f 
Jo Jo 

< (7-l)d f\\w,,f{T)dT + C{j-l)d^e-'''^ f \\w,\\HT)e-i'=''^d 
Jo Jo 

<(7-l)rf/ \\w^4'^{T)dT + C{-i-l)d'^e-'"^'^[N{T)]i / e'^^'^-'dT 
Jo Jo 

<(7-l)d f \\w,,f{T)dT + Ce-^'^. 







We complete the proof of the lemma 4.3. 

Lemma 4.4. For (7 — l)d < So small enough, then 

^ (7-1)^ -^0 ^(7-1)^ 

+ f\\i^.,W,){T)fdT-Cij-l)d r 11$, (T)fdT 

Jo ^ Jo 

< C |||($o, *o, + / 1*1 l^il + l^i \F2\dxdT^ 

+CN{T) /V^.f^T + Ce-^'''^. 
Jo 

Proof. Let 

k{V) = {h - s^V)-\ 



(4.3) 
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Multiplying the first equation of (3.8) by the second equation of (3.8) by 
k{V)V'i! and the third equation of (3.8) by Rk{V)'^W, respectively, summing 
them up, we have 

Eii<!>, W)t + ^2(*, *^) + EsiW, W,) + G(*, W, ly,) 



^ V 

= fc(V)F*Fi + Rk{VfWF2, 
where 

Ei{^, ^f, T?) = i ( $2 _^ ki^v)V^ 



R 



(4.4) 



i?2 



kivfw^ 



7-1 



^2(*, «-.) = [■^{k{V)V)^ + (7 - l)fc(V^)C/,J *2 + ;xfc(l/)*2 + ^fc(F),**,, 

i?3(W^, W^x) = ■^k{V)k{V),W' + ^r'^w^), 
7 — 1 V 

g{^,w,^,,w,) = kr(^^^^ w(w^ + ^^u,^ 

' " k{V)^ 



,k{Vf 
y2 



+KR-^<^>^e^W + k(7 - 1)-^U.^W. 



Since 

one has 



P- < kiVy^ = bi- s^V < p+, 



/ 9 9 \ / 9 9 



7-1^ 

and for Vai > 0, there 3 a constant Cai such that 



7-1 



\G\<aA\V,\^ + W^ 



■Ca,(7-l)d 
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7-1 



(4.5) 
(4.6) 
(4.7) 

• (4.8) 



By using the method in [9], for 7 e (1, 2] and suitably small (7 — l)d > 0, one 
has 



f(fc(l^)^ )x + (7-l)fe(^)^x 



>0, 



x>0 Vx 

M {M|fc(F)xp - 4 [§ik{v)v)x + (7 - i)fe(y)t/x] fc(y)} 



(4.9) 



sup 

x>0 



<0, 



and then we get 



E2>c{\V,^^\ + '^l). (4.10) 
Combining with the boundary estimates in Lemma 4.3, (4.3) is obtained. 



13 



Lemma 4.5. There is a constant C such that 



\m)f+ 1 wmfdT 

Jo 



-cmit)r+ / \\\v,\-^^{T)r + \mw,){T)rdT} (4.ii) 



<c{\\^or+uor+ 



t /' + 00 



^0 



\Fi\dxdT} . 



Proof. Multiplying (3.8)i by - F^*, (8.8)2 by -V<P^, then applying 
dx to (3.8)1 and multiplying the resulting equation by fi^x, calculating all their 
sums, we get 



_ V^x^)t + (V-**.). + (61 - s^V)^l 



RWx - s(7 - l)^x* - Vt^ - VFi 



(4.12) 



Integrating (4.12) over [0, +00) x [0, t] with respect to x, t and using the boundary 
estimates Lemma 4.2, we obtain Lemma 4.5. 



From (3.7), we easily have 

\\w{T)fdT -Cy^ II |^^.|^*(t)||2 + ||W^x(r)||2rfr 
<C [ \^'^w\dxdT. 



(4.13) 



Now we rewrite (3.2) in the form 



'/>t - V'x = 0, 

V-t y (l>X + yWx - [yi^xjx-i y }x</> + {y)xW = fl 

+ {h - s'^V)lpx - {^Wx)x + {^Qx4>)x 

-^{{h-s^V)cj>-Rw + ti^lJx}Ux = f2, 
where /i and /2 are nonlinear terms with respect to {<p, ip, w) 

V + (p V 



(4.14) 
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The following Lemma is the estimates of {(pjtjjjUi) and (?!>x, V'x^'^x)• 
Lemma 4.6. There is a constant C such that 



(7-1)2 Jq Jo 



-(7 - l)d f \\w^.\\\T)dT < C\\{cl>o,i>0, -^^W 

Jo (7-1)^ 

+C / {mfi\ + Mf2\)dxdT + C{e-^''^ + \\(l>oh)- 

? t 

\\Mt)r+l \\Mr)rdr-c^^\\mr+ 1 \\{^,w)iT)\\idT 

<c|||Vo||' + ^ ^ ~|<^x||/i|da;dT + (e-^''^ + ||.^o||i)|. 



t rt 



-T)Wr+/ \\dU^P,w)iT)rdT-C \\{c|>,^l;,w)iT)\\idT 

(7-1)2 Jo Jo 

< CWdAi^o, -^^)f + Cie-^"'' + WMi) 
(7-1)5 

f't p+oo 



pt p+00 

+C / (|Vxx||/i| + kxx||/2|)da;dT. 
Jo Jo 



dT 

x=0 



(4.15) 

Proof. Multiplying (4.14)i by </>, (4.14)2 by Vk{V)^, (4.14)3 by RP{V)w,&nd 
adding them and integrating over x, t, we have 

||(</),V,-^^)(i)f + f\mi^,w){T)fdT-cfm,i,,w)ir)fdT 
(7-1)2 Jo Jo 

+ Rk{V)i:w - ^ik{V)HJx + —.e^k^{V)(l>w TT^ww^cr 

V 

ft f+00 

<qi(<Ao,vo,-^^)ir+c / / mh\ + \wm)dxdT. 

(7-1)2 Jo Jo 

Using the boundary estimate in Lemma 4.3, we can get the first inequality in 
(4.15). 

Now we want to get the estimate of \\4'x\\'^ in (4.15)2- Multiplying (4.14)i 
by Vf/'a; - Vxi), (4.14)2 by then applying to (4.14)i and multiplying 

the resulting equation by /iij^x, calculating all their sums, we get 

(^ - V<t>,i;)t + (V^VV'x)x + {hi - sV)</.2 = F.V'V'x + Vxl:l+ 

R^x + V^(^)x^x + n ^'~/'^ )x'/' - (^)xw - Vti; - Vh 

Thus integrating the equation (4.16) and using the boundary estimate Lemma 
4.3,we obtain (4.15)2- 
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Multiplying (4.14)2 by -iJa>x, (4.14)3 by -w^a> to get 



(^^^+2(7-1) 

'bi-s^V 



-W:r. 



V 



V 

yWx + [yjx^x + ( y )a 



{^)xw + h 



+ -{(&! - sV)0 -RW + IX'il^xWx + h 

Integrating the above equality and using Lemma 4.3, we can get the third in- 
equality of (4.15). The proof of Lemma 4.6 is complete. 



Since 



|Fi,F2| =0(1) [|(0,^,w)p + |(<^,^)||(V.,,w;,)|] , 
\h,h\ = 0(1) [\{<P,w)\' + \{^,w)m,,i^,,w,)\ 

+ \{<l>x,i^x)\\{^Jx,W^)\ + \^\\{lP 

XX 1 ^XX ) I 



(4.17) 



combining (4.17) with the estimates (4.3), (4.11), (4.13), (4.15) and using the a 
priori assumption N{T) < be sufficiently small, and also letting (7 — l)d small 
enough, we can get the following estimate 



iV2(T) 



\\{i^,w)\\l + \mldT<C{No 



-cdi3 



where the constant C is independent of T. Thus we get the desired a priori 
estimate (4.1) if we choose A^o and e~'^'^^ small enough. 



5 The Local Existence 

In this section, we prove the local existence result Proposition 4.1 by the it- 
eration method. First we rewrite the equation (3.8) with the initial values 
(3.10)-(3.13) and the boundary values (3.16)-(3.17) as the following 

~ V + <P ^'^^^^^ •= 9ii^,^x,^x,W^), 
*(0,t)=A(i), (5-1) 
*(a;,0) = *o(a;), 
^ « /TT> 7-l,T,2 



Wt - TTT^iW, - ^n)x=92 :=32(*,$.,*.,W.,*.x), 



7-1 y + 2R 

Wx{0,t)-^^l{0,t) = B{t), 
W{x,0) =Wo{x), 



(5.2) 
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and 



^x,t) = ^o{x)+ [ *x(a;,T)dr, (5.3) 
Jo 

where A{t),B{t) is given in (3.16), (3.17) respectively, and 



^ y + v + ^J R ^ 2'^ 



(5.5) 



To use the iteration method, we approximate the initial values ($0, ^'oj W^o) S 
i?^(0,+oo) by ($ofc, *ofc, W^ofe) G -ff^(0,+c») which wiU be determined later. 
For fixed fc, we define the sequence ^-i"', W'fe^"-')(x, by 

($(°\*f ,lrf))(a;,i) = ($ofe,*ofe,W^ofe)(a;), (5.6) 

and if (<E>i""^\ W^;^""^^)(a;, t) is given, then we define ($i,"\ W^^"^)(a;, t) 

as the following 



I *i"^(x,0) = *ofc(a;), 



1^ wi''\x,Q) =Wok{x), 



(5.7) 



(5.8) 



W^.7(0,t)-^*rj (0,i)=i?(t), 



and 



$i")(x,i) = $o.(x)+ (\t^{x,T)dr. (5.9) 

JO 

Now we construct the approximate initial values ($o/£, ^ofe, W'ofe)(a;)- Firstly we 
choose <&oft G such that $ofc ^ '^'o strongly in H'^ as k ^ oo. Let 

*o(x) :=*o(a;)-A(0)e-^'. 

Note that A{0) = 'I'o(O). Then we have I'd (a;) G i?o- Now we choose '^ok{x) e 
iJo I"! -f^^ such that \E'o/c '^o strongly in as fc ^ oo. We construct 

^ok{x) := ^ok{x) + A(0)e-^', (5.10) 
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then wc have ^ '^oi^) + A{0)e~^ = "^q{x) strongly in as fc ^ oo. 
Moreover, \I/o/c(a;) constructed in (5.10) satisfies the compatibiUty condition 
^ofe(O) = A{0) for the approximate equation (5.7). Now we turn to the com- 
patibiUty condition for the equation (5.8). Let 

Wo{x) := Wo{x) - B(0)a;e-^' - Wo{0)e-''\ 

It is obvious that Wo{x) e Hq. So we can choose Wok{x) € Hq fl such that 
Wok{x) Wo{x) strongly in as k ^ oo. Set 

Wok{x) := Wok{x) + B{0)xe-''" + l?o(0)e-^'. (5.11) 

Then we have Woh{x) Woix) + B(0)a;e-^' + W^o(0)e-^' = Wo{x) strongly 
in H"^ ask ^ oo. Note that B{Q) = Wox(O) - ^*L(0)- We verify that the 
approximated initial values vl>ofe(a;), Wofe(a;) satisfy the following compatibility 
condition for the equation (5.8), 

WokM - ^*^,,(0) = WokM + B{0) - ^*L(o) = B{0). 

And it is easy to choose that the above approximation {^Qi~ix),'i'ok{x), Wok{x)) 
satisfies ||(*ofe, *ofe, Wofe)||2 < |Af and infx(F + $ofcx) > |"^ for any fixed k. 

If (*i"-'\*i"-'\ W^i"-'^) e X.„,,m(0,*o) n C{0,to;H% then g[--'^ e 
C(0, tf)\H'^). By linear parabolic theory, since ^'ofc € H^, there exists a unique 
solution to (5.7) satisfying 

e C(o,io;i?^)nci(o,io;ii'')nL2(o,fo;i/^). 

Substituting ^f^"^ into 5'2"~^^ have that ^2""^^ ^ C(0,to;-ff^)- Using linear 
parabolic theory again, we obtain 

wl""^ e C(o, to; H^) n C^(o, to; H^) n i'(o, T; F'^). 

Prom (5.9), we also have 

e C(0,fo;ff')nCi(o,to;^?'')nL2(o,fo;if'^). 

The elementary energy estimates to the equation (5.7)-(5.8) yield that 

ll(*l"\H^i"')ll^<(&M)^ 

if the time interval Iq = tQ{m, M) is suitably small. We omit the detailed 

calculations for brevity. 

Now from (5.9), we can compute that 

ll$(")|l^<(6M)^ 
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and 

Therefore we have W^^"^) e ^i„,6M(0,to) n C{0,to;H^). Since 

^fc'^ W'j^°^)||5 is uniformly bounded for fixed k, we can show that (^^."'\ 
W^"-*) is the Cauchy sequence in C{0,tQ: H'^). Letting n ^ oo in (5.7)- 
(5.9), we get a solution {^k,^ k,Wk){x,t) of (5.1)-(5.3) with the initial values 
replaced by (<&ofc, ^ofc) Wofc)(a;) in the time interval [0,to]. 

In the same way we can show that ($fc, ^fc, Wk){x) is a Cauchy sequence in 
C{Q,Tq\H^) (takin Tq smaller than to if necessary). Now letting k oo, we 
get the desired unique solution ($, W){x, t) to (5.1)-(5.3) in the time interval 
[0,To]. 
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